arXiv: 1507.07361 vl [math.AP] 27 Jul 2015 


Multi-bump solutions for a Kirchhoff problem type 

Claudianor O. Alves“*, Giovany M. Figueiredo^^ 

a. Universidade Federal de Campina Grande 
Unidade Academica de Matematica 
CEP: 58429-900, Campina Grande - Pb, Brazil 
b. Universidade Federal do Para 
Faculdade de Matematica, 

CEP 66075-110, Belem -Pa - Brazil. 


Abstract 

In this paper, we are going to study the existence of solution for the following 
Kirchhoff problem 

\Vu\^dx + J Aa(a:)-I-l)u^dx^ Au-I-(Aa(a:)-I-1 )m^ =/(u) in 

Assuming that the nonnegative function a{x) has a potential well with mt(a“^({0})) 

consisting of k disjoint components Oi, 02 ,., Alfc and the nonlinearity f{t) has a 

subcritical growth, we are able to establish the existence of positive multi-bump 
solutions by variational methods. 
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1 Introduction 


In the present paper, we are interested in showing the existence of multi-bump solution for 
the following class of Kirchhoff problem 


M^y \'Vu\'^dx + J {Xa{x) + l)u‘^dx^ Au + {\a{x) + l)v^ = f {u) in 

iP)x 


where A > 0 is a positive parameter and M, a and / are functions verifying some conditions, 
which will be fixed below. 

The function M : M_|_ —)■ M_|_ belongs to G^(M, M) and satisfies the following conditions: 
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^Giovany M. Figueiredo was supported by CNPQ 302933/2014-0 
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(Ml) The function M is increasing and 0 < M(0) =: niQ. 

(M 2 ) The function t e-)- —^ is decreasing. 

A typical example of function verifying the assumptions (Mi) — (M 2 ) is given by 

M(t) = mo + bt, where mo > 0 and 6 > 0. 

This is the example that was considered in m- More generally, each function of the form 

k 

M(t) = mo + bt + bif^^ 

i=l 

with bi >0 and 7 * G (0,1) for all i G {1, 2,... ,k} verifies the hypotheses (Mi) — (M 2 ). An 
another example is M{t) = uiq + ln{\ + t). 

Related to function a(x), we assume the following conditions: 

(oo) a{x) >0, Vx G M'^. 

(ai) The set mt(a“^({0})) is nonempty and there are disjoint open components 
01 ,^ 2 ,.) such that 

mt(a“^({0})) = U^^iOj 


and 

idj) > 0 for i 7 ^ j, i, j = 1,2, ■ ■ ■ ,k. 
Finally, the function / is a continuous function satisfying: 

(/i) = 

s —^0 S 

(/2) lim ^ = 0, 

|s|—>-+00 S® 

(/o) There exists 0 > 4 such that 

0<9F{s)<sf{s) VsGR\{0}. 

y (g) 

(fi) —is increasing in s > 0 and decreasing in s < 0 . 

qO 


( 1 . 1 ) 

( 1 . 2 ) 


Related to problem {P)\, we have the problem 


(*) 


—M I Vn f dx ) An = /(n) in Q, 
u G H^{n) 


where H C is a bounded domain. This type of problem is called Kirchhoff problem, 
because of the presence of the term ^ (^J iVnpdx^. Indeed, this operator appears in 


2 







the Kirchhoff equation EH, which arises in nonlinear vibrations, namely 


'n 


utt — M i / I Vnpdx ] Au = g{x, u) in Q x (0, T) 


u = 0 on dQ X (0, T) 

u{x,0) = uo{x) , ut{x,0) = ui{x). 


The reader may consult m, E], m, m and the references therein, for more physical 
motivation on Kirchhoff problem. 

We would like point out that in the last years many authors have studied this type of 
problem in bounded or unbounded domains, see for example, 0, El, El, m, IE], m, m, 

|15| . fT6] . fT7] . |20| . [23] , [231, E5|, ES], EH, EH, EH, EH, ESI and reference therein. For 

solutions that change sign (nodal solution) we would like to cite |18| . |28| . |29| . |33| and 

ESI 

The motivation to study the problem {P)\ comes from of a paper due to Ding and 
Tanaka [13], which has studied {P)\ assuming M{t) = 1 and f{t) = In that 

interesting paper, the authors considered the existence of positive multi-bump solution for 
the problem 

—Au + {Xa{x) + Z {x))u = u'^ in 

Q ^ (1, if > 3; g G (1, oo) if = 1, 2. The authors showed that the above problem 
has at least 2^ — 1 solutions u\ for large values of A. More precisely, for each non-empty 
subset T of {1,... , k}, it was proved that, for any sequence —>■ oo we can extract a 

subsequence (Xm) such that converges strongly in to a function u, which 

satisfies u = 0 outside Dx = Ujgx 3 G is a least energy solution for 


pN 


(1.3) 


—Au -|- Z{x)u = u‘^, in Dj, 
u G u > 0, in Qj. 


(1.4) 


Involving the Kirchhoff problem with potential wells, there are not so many existing 
papers. As far as we know, the only paper that considered the existence of solutions 
for {P)x is due to Liang and Shi |22| . Unfortunately, we believe that the Section V of 
the above paper has a mistake, which commits the proof of the their main result, to be 
more precisely, we have observed that the numbers Cj and c\j considered in that work 
are not a good choice for this class of problem, and also, the proof of Lemma 5.3 is not 
correct, because the authors have forgotten that the Kirchhoff problem has a nonlocal term 
involving the function M, which is very sensitive for some estimates. Motivated by |13j and 
m, we intend in the present paper to show how we can work with this nonlocal term to 
get a positive multi-bump solution for {P)x- Here, we will adapt an idea used by Alves and 
Yang [5] to show the existence of multi-bump solution for the following Schrodinger-Poisson 
system 

—Au -|- {Xa{x) -|- l)u + 4)u = f{u) in 
—Acf) = u^ in 


Our main result is the following 
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Theorem 1.1. Assume that (Mi), (M 2 ), (ao); (^^i) (/i) — (/ 4 ) hold. Then, there exist 

Ao > 0 with the following property: for any non-empty subset T o/{l, 2 ,..., k} and A > Aq, 
problem (Px) has a positive solution u\. Moreover, if we fix the subset T, then for any 
sequence Xn ^ 00 we can extract a subsequence (AnJ such that {ux^.) converges strongly 
in to a function u, which satisfies u = 0 outside ilx = and is a least 

energy solution for the nonlocal problem 

m( f |Vttpdx+ f dxj (—Au-\-u 

^ V-zsif </r2x / V 

u{x) > 0 Vx G Qj and Vj G T, 

, u€H^{nr). 

The paper is organized as follows. In the next section, we prove some technical lemmas 
and the existence of least energy solution for {P)oa,T- In Section 3, we study an auxiliary 
problem. A compactness result for the energy functional associated with the auxiliary 
problem is showed in Section 4. Some estimates involving the solutions of auxiliary 
problem are showed in Section 5, and in Section 6 , we build a special minimax value 
for the functional energy associated to the auxiliary problem. 

2 The problem (P)oo,t 

In the sequel, let us denote by M and F the following functions 

M{t) = f M{s)ds and F{t) = f f{s)ds. 

Jo Jo 

In the proof of Theorem II.I[ we need to study the existence of least energy solution for 
problem (P)cxd,t- The main idea is to prove that the energy functional J associated with 
nonlocal problem (P)oo,T given by 

[ (|Vu|^ + |rtp)(ix J — f F{u)dx, 

2 \Jnr / J^r 

assumes a minimum value on the set 

A4x = {u G A/x : J'{u)uj = 0 and Uj 7 ^ 0 Vj G T} 
where Uj = and A/x is the corresponding Nehari manifold defined by 

A/x = {u G Pq(11x) \ {0} : J'{u)u = 0}. 

More precisely, we will prove that there is rc G Adx such that 

J{w) = inf J{u). 

After, we use the implicit function theorem to prove that re is a critical point of J, and 
so, rc is a least energy solution for (P)oo,T- The main feature of the least energy solution 


= f{u) in Ox, 


{P) 


00,1 
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w is that w{x) > 0 Vx € and \/j G T, which will be used to describe the existence of 
multi-bump solutions. 

Since we intend to look for positive solutions, throughout this paper we assume that 

f{s) = 0 , s < 0 . 

Moreover, notice that by (/i) and (/ 2 ), given e > 0, there exists > 0 such that 

f{t)t<e\t\^ + a\tf. ( 2 . 1 ) 

In what follows, to show in details the idea of the existence of least energy solution for 
(PU X, we will consider T = {1,2}. Moreover, we will denote by fl, J\f and Ai the sets 
fix, A/x and Air respectively. Thereby, 


— rii u 122, 

M={ue H^{n) \ {0} : J'{u)u = 0} 


and 


Ai = {u ^ Af : J'{u)ui = J'{u)u 2 = 0 and ui,U 2 7 ^ 0}, 
with Uj = j = 1 , 2 . 


2.1 Technical lemmas 


Hereafter, let us denote by 
given by 


m = 


and 


respectively. 


1 and II II 2 the norms in Hq{Q), Hq{Qi) and Hq{Q 2 ) 
(|Vup -|- |up)dx ) , 


'n 


■“111 = ( / (|Vup-h |up)(ix 




kib = ( / (l^^l + \u\ )dx 
'Q.2 


In order to show that the set Ai is not empty, we need of the following Lemma. 

Lemma 2.1. Let v € Hq{LI) with Vj 7 ^ 0 for j = 1,2. Then, there are t,s > 0 such that 
J'{tvi + sv 2 )vi = 0 and J'{tvi + 8 X 2)02 = 0. 

Proof. Let V : (0, -|-oo) x (0, + 00 ) — >• be a continuous function given by 

V{t,s) = {J'{tVl + SV2){tVl),j'{tVl + SV2){SV2)). 

Note that 

J'{tvi + sv 2 ){tvi) = t'^M{t‘^\\vi\\l +s^\\v 2 \\l)\\vi\\l- [ f{tvi)tvidx. (2.2) 

JQi 
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Using (Ml), ()2.1I) and Sobolev’s embedding in (12.21) . we have 


J'{tvi + sv 2 ){tvi) > (mo - eC)t‘^\\vi\\'l - t'^CeC\\vi\\l, 
for some C > 0. Thus, there exists r > 0 sufficiently small such that 

J'{rvi + sv 2 ){rvi) > 0, for all s > 0. 


The same idea yields 

J'{tvi + rv 2 ){rv 2 ) > 0 , for all t > 0 . 

On the other hand, by (M 2 ), there exists Ki > 0 such that 

M(t) < M{l)t + Ki, for all t >0 (2-3) 

and by (/s), there are K 2 , K 3 > 0 such that 

F{t) > K 2 t^ - K 3 . (2.4) 

Using (12.3p . ()2.4I) and (/a) in (|2.2I) . we derive that 

J'{tvi + sv 2 ){tvi) < t‘^M(l)||?;i||f + t^s^M(l)||'(;i||?||u 2 ||i + Kit^\\vi\\l 
- ^K2 [ \vi\idx + Ks\ni\, 

V Jn 

where |Ui| denotes the Lebesgue measure of ffi. Thus, since 0 > 4, for R > 0 sufficiently 
large, we get 

J'{Rvi + sv 2 ){Rvi) < 0, for all s < R. 

Arguing of the same way, we also have 

J'{tvi + Rv 2 ){Rv 2 ) < 0, for all t < R. 


fn particular, 

J'{rvi + sv 2 ){rvi) > 0 and j'{tvi + rv 2 ){rv 2 ) > 0, for all f, s G [r, i?] 

and 


j'{Rvi + sv2){Rvi) < 0 and + Rv 2 ){Rv 2 ) < 0, for all f, s G [r, R\. 

Now the lemma follows applying Miranda’s Theorem |30) . 


□ 


As an immediate consequence of the last lemma, we have the following corollary 
Corollary 2.2. The set A4 is not empty. 

Next, we will show some technical lemmas. 

Lemma 2.3. There exists p > 0 such that 
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(i) J{u) > ^^ 4 /^ ^oll^lP o-nd ||m|| > p,'du G M; 

(ii) > p, 'dw G M. and j = 1,2, where Wj = w\fij,j = 1,2. 

Proof. From definition of M and (M 2 ), 

M{t) > for all t > 0. 

Now, a simple computation together with (j2.5jl gives 

-M(t) — -M{t)t > - — ^ TTT-ot, for all t > 0. 

2 0 Au 

Thus, by (/a) and (12. 6 p . 

J{u) = J{u) — -J'{u)u > — ^ mo||tt||^, for all u G Af. 

u Au 

Gathering definition of Af, (Mi), (|2.1I) and Sobolev’s embedding, it follows that 

-I l/(<?-2) 


0 < p : = 


/ 1 


< ||rt||. 


for all G AA and for some Ci, Ci > 0. 
From (Ml), 


Thus, 


implying that 


M{\\wj\\j) < M{\\w\\ ), '^w e M. 

j'{wj)wj < 0, for all w G A4, 

0 < p < \\wj IIj. 


(2.5) 


( 2 . 6 ) 


(2.7) 


□ 


Lemma 2.4. If {wn) is a bounded sequence in Ad and q G (2, 6 ), we have 

liminf / \wn jFdx > 0 j = 1,2. 

"■ Jnj 

where Wn,j = Wn\Q.j for j = 1,2. 

Proof. Notice that by (/i) and (/ 2 ), given e > 0, there exist C > 0 and q G (2,6) such 
that 


f{t)t < e|tp + Cltl^ + e|t|' 


( 2 . 8 ) 


Therefore, 


0 < mop^ < M(||r(;„j||^)||u;„j||^ < e / |tCn,j|? dx + C 

Jn 

Since {wn) is bounded, there is C > 0 such that 

/ 

Jn 


/ \Wn,j\^ dx + e \Wn,j\*j dx. 

Jn Jn 


0 < rriQp^ < eC + C / \Wn,j\'^ dx. 


Now, the result follows choosing e small enough. 


□ 


7 







2.2 Existence of least energy solution for (P)oo,t 

At this point, some useful remarks follow. First of all, let us observe that, from (M 2 ), 


< M{t), for all t > 0, 

from where it follows that 

1 1 -^ -M{t) — is increasing. 

Now, by (/ 4 ), 

> 3/(t), for all \t\ > 0, 


(2.9) 

( 2 . 10 ) 

( 2 . 11 ) 


implying that 

t !->■ — E(t) is increasing, for all \t\ > 0 . ( 2 . 12 ) 

In this subsection, our main goal is to prove the following result: 

Theorem 2.5. Assume that (/i) — hold. Then problem {P)oo,T possesses a positive 
least energy solution on the set Ai. 

Proof. We will prove the existence of tc G At in which the infimum of J is attained on 
At. After, using the implicit function theorem, we show that w is a, critical point of J, 
from where it follows that w is a least energy solution of (P)oo,T- 

First of all, by Lemma [2.31 there exists cq G M such that 


0 < Co = inf J{v). 

Thus, by Corollary 12.21 there exists a minimizing sequence (wn) in At, which is bounded, 
by Lemma [2.31 Hence, by Sobolev Imbedding Theorem, without loss of generality, we can 
assume up to a subsequence that there exist w G Mq(H) such that 




w in Wn ^ w in with gG(l, 6 ) and Wn{x) ^ w{x) a.e in H. 


Then, (/ 2 ) combined with the compactness lemma of Strauss [TJ Theorem A.I, p.338] 
gives 


and 


lim / \wnj\'^dx = / \wj\'^dx, 

" JUj ’ JUj 

lim / Wn,jf{Wn,j)dx = / Wjf{wj)d: 
JQ,j JUj 

lim / F{wnj)dx= / F{wj)dx, 

” Jn, ’ Jn, 


from where it follows together with Lemma 12.41 that Wj 7 ^ 0 for j = 1,2. Thereby, by 
Lemma EH there are t,s > 0 verifying 


J'{twi + sw 2 )wi = 0 and J'[twi + sw 2 )w 2 = 0. 
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Now, let us prove that t,s < 1. First of all, we observe that subcritical growth of / 
loads to growth, we get 


and 


Thus, as J'{Wn)Wn,j = 0, 


/ f {Wn,j)Wn,jdx / f{Wj)Wjdx 

JQ JQ 

/ F{wn,j)dx —>■ / F{wj)dx. 

Jq J d, 

M{\\Wn\\‘^)\\Wn,lf = / f{Wn,l)Wn,l, 
JQ-I 


or equivalently, 


■^-^(llw^nlP) II ||2|| ||2 

- Fn,l Wn = 


Wti 


Jn^ wii 


Taking the limit in the above equality, we find 

Af(||u;|p 


w 


tei 


12||^||2 < f l!^u,tdx. 


On the other hand, as J'[twi + sw 2 )twi = 0, we must have 

M(||tr(;i + s'u; 2 ||^)||trr’i iP = / f{twi)twidx. 

J 

Without generality, we can suppose s < t. Hence, 


M{t^\\w\\^) 2|| I|2 ^ f 

-iwr"'"'" -Lff' 


Combining (|2.13p with (|2.14p . we derive 


M{F\\wf) Mdircf) 




/ 

J 


f{twi) fiwi) 


wfdx. 


(2.13) 


(2.14) 


t2||ry||2 ||t(;||2 J II jQilitWlf {wif _ 

Gathering (M 2 ) and (f^), we ensure that 0 < s < t < 1. 

In the next step, we will show that J[twi + SW 2 ) = cq. Since twi + SW 2 G F4. and 
t,s < 1, from (l2.1Up and (12.121) . 

Co < J{tWl + SW 2 ) = J{tWl + SW 2 ) — -J'{tWl + SW 2 ){tWl + SW 2 ) 

^Mdltrci + SW2\\‘^) - ^M{\\twi + sr(;2||^)||trci + SW2\\‘^ 


+ 


< 


+ 


[ -f{twi + SW 2 ){tWl + SW 2 ) — F{tWl + SW 2 ) 

Jn 4 

^M{\\wi + W2\\‘^) - ^Mdlrci + W2\\‘^)\\wi + W2\\‘^ 
/ + ^C2)(tci + W 2 ) - F{wi + W 2 ) 

Jn 4 


dx < liminf J{wn) = cq. 

n—>-+oo 
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To complete the proof of Theorem 12.51 we claim that w is a critical point for functional 
J. To see why, for each cp € Hq{Q), we introduce the functions Q* : —>■ M given by 

Q^{r, z, 1) = M{\\w + rp + zwi + ?u) 2 |P)||rc + rtp + zwi\\\ — / f{wi + rpi + zwi){wi + rpi + zwi)dx 

J r2i 

and 

Q‘^{r, z, 1 ) = M{\\w + rip + zwi + lw2\\‘^)\\w + rip + lw2\\2 - / f{w2 + rpi + Iw2){w2 + rpi + lw2)dx. 

J Q 2 

By a direct computation, 


dQ 

■5T 


-(0,0,0) = 2{M'{\\w\\‘^)\\wi\\‘^ + M{\\w\\'^)\\wi\\‘^) - [ {f'{wi)wl + f{wi)wi)dx. 

J 


By inequality (|2.9I) and (|2.1ip . 

dQ^ 

dz 


(0,0,0) >2M'(||rnf)||rnif||n;2f. 


Using a similar argument, it is possible to prove that 

-^(0,0,0) > 2M'{\\wf)\\wif\\w 2 \\^ and ^(0,0,0) = ^(0,0,0) = M'{\\wf)\\w 2 f\\wif. 
From this, 


^( 0 , 0 , 0 ) ¥( 0 , 0 , 0 ) 

¥( 0 > 0 , 0 ) ¥( 0 > 0 > 0 ) 


= 3(M'(iHn)^iKriKr >0. 


Therefore, applying the implicit function theorem, there are functions z{r), l{r) of class 
defined on some interval (—(5, 6), 6 > 0 such that 2:(0) =1(0) =0 and 

Q\r, z{r),l{r)) = 0, r € {-5,5),i = 1, 2. 

This shows that for any r £ (—5,5), 

v{r) = w + rp + z{r)wi + l{r)w 2 £ M- 

Then 

J{v{r)) > J{w), € {—6,6), 

that is, 

J{w + rip + z{r)wi + l{r)w 2 ) > J{w), Vr £ {—6, (5). 

From this, 


J{w + rp + z{r)wi + l{r)w 2 ) — J{w) 


> 0, Vr £ (0,5). 


Taking the limit of r —0, we get 

J'{w){p + z'{0)wi + 1'{0)W2) > 0. 

Recalling that J'{w)wi = J'{w)w 2 = 0, the above inequality loads to 

J'{w)p>0, \/peH^{n) 

and so, 

j'{w)p = o, ypeH^in), 
showing that tc is a critical point for J. 


□ 
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3 An auxiliary Kirchhoff problem 


In this section, we work with an auxiliary problem adapting the ideas explored by del Pino 
&: Felmer in |12| (see also |T] and m)- 

We start recalling that the energy functional Ix ■ Ex —>■ K associated with {P)x is given 

by 

Ix{u) = Imufx) - [ F{u)dx, 

2 JR3 

where Ex = [E, || • |b) with 

E = G ; J a{x)\u\^dx < oo| 


and 

||u||a = ( / (|Vtip + (Aa(3:) + l)|n|^)(ix 
By (oo), the embedding below 

Ex ^ 

is continuous for all A > 0. Consequently, Ex is compactly embedded in for all 

1 < s < 6. A direct computation gives that Ex is a Hilbert space. Moreover, if O C is 
an open set, from the relation 



J ^1 Vtt|^ + (Aa(3:) + l) dx > L \u\‘^dx, Vu 


G Ex 


fixed 6 G (0,1), there is > 0, such that 


\u 


Ia,o “ ^ G Ex, A > 0, 


(3.1) 


(3.2) 


where, 


l^i||A,o = ( I (|Vu| + (Aa(a;) + l)|u| )dx 


and 


\u\2,o = \^j \u\ dxj . 

We recall that given e > 0, the hypotheses (/i) and (/ 2 ) yield 

|/('S)| < e|s| + Ce|s|®, and s G M. 


(3.3) 


Hence, 

\F{s)\<^\s\^ + %f,yseR, (3.4) 

2 b 

where Cg depends on e. Moreover, for v > 0 fixed in (|3.2p . the assumptions (/i) and (f^) 
imply that there is a unique ^ > 0 verifying 


m 


= u 


(3.5) 
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Using the numbers ^ and v, we set the function /: M ^ M given by 


Rs) 


f{s), s<C 

vs, s > ^ 


which fulfills the inequality 

f{s) < z^|s|. Vs G M. 

(3.6) 

Thus 

/(s)s < v\s\^, Vs G M 

(3.7) 

and 

P(s) < sp. Vs G M, 

(3.8) 

where F{s) = R f{t) dt. 

Now, since Id = fnt(a“^({0})) is formed by k connected components fli, ...,12^ with 
dist(nj, > 0, i 7 ^ j, then for each j G {1,... , k}, we are able to fix a smooth bounded 


domain U'- such that 

0,j C O'- and O' n O' = 0, for i / j. (3.9) 

From now on, we fix a non-empty subset T C ,/c}, 


Ot = Oj, O'y = o'- and xr 

j 6 T j&T 

Using the above notations, we set the functions 


1, if X G O'y 
0, if X ^ O'y- 


g{x, s) = xrix)f{s) + (l - Xrix))fis), (x, s) G x M 


and 



g{x, t) dt, (x, s) G X M, 


and the auxiliary Kirchhoff problem 


(^a) 


M(||n|||) Art -|- (Aa(x) -|- l)uj = g{x, u), in M^, 
u G Ex- 


The problem (^a) is strongly related to {P\), in the sense that, if ux is a solution for 
(^a) verifying 

ux{x) < ■C, Vx G \ O'y, 

then it is a solution for (Pa) ■ 

In comparison to (Pa); problem (^a) has the advantage that the energy functional 
associated with (^a) j namely, (px ■ Ex —> M given by 

Mu) = 7;M{\\u\\1) - [ G{x,u)dx, 

^ Jr3 

satisfies the (PS) condition, whereas Ix does not necessarily satisfy this condition. 
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Proposition 3.1. All {PS)d sequences for (j)\ are bounded in Ex. 

Proof. Let (un) be a {PS)d sequence for (fx. So, there is no G N such that 

f’xiun) - ^(j)'xiun)un <d + l + ||nn||A, for n > no. 

On the other hand, by (|3.7I) and (|3.8p . 

■^('5) - ~ ^ ^ ^ 

which together with (|3.2p gives 


(p\{Un) - ^(p'xiUn)Un > Q “ '^ll^nllA, Vn G N, 


from where it follows that (un) is bounded in Ex- 


□ 


Proposition 3.2. If (un) is a {PS)d sequence for (fx, then given e > 0, there is R > 0 
such that 


limsup / (iVunf + (Aa(x) + l)|nnr)dx < e. 

n Jr3\Bu{0) 


Hence, once that g has a subcritical growth, if u (z Ex is the weak limit of (un), then 
/ g{x,Un)undx ^ / g{x,u)udx and / g{x,Un)vdx^ / g{x,u)v dx,'iv ^ Ex- 

JR3 Jr3 Jr3 Jr3 


Proof. Let (n„) be a {PS)d sequence for cfx^ i? > 0 large such that and 

rjR G C°°(]R^) satisfying 

0, X G Br{D) 
l,x£mA\BR{tf) 


Vr{x) = 


c 


0 < r/i? < 1 and |Vr//j| < —, where C > 0 does not depend on R. This way. 


moWunVRWl < / AL(||nn||i)(|Vnn| + {Xa{x) + l)\un\‘^)'nRdx 
JR3 

--(j)'x{Un){Unr]R)- M{\\Un\\l)UnVUnVr]Rdx+ f{Un)Un'l]Rdx. 

JR3 Jr3\0' 


Denoting 


L = 


mo (iVttnp + (Ao(x) + l)|n„p)r?ij(ix, 

JR3 


it follows from (|3.7p . 

L < f''x{Un){Un'nR) + ^ [ M{\\Un\\l)\Un\\S/Un\dx + U [ \Un\‘^r]Rdx. 

P JR3 7R3 

The Holder’s inequality in conjunction with the boundedness of {un) and (iVn^l) in 
ensures that 


L Az On(l) + 


c 


{l-v)R 
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Therefore 


f C 

limsup / mo(|V«nP + (Aa(x) + l)\un\‘^)dx < — -—. 

n JR3\Bjj(0) (.J- “ 


So, given e > 0, choosing a i? > 0 possibly still bigger, we have that 


C 




< e, which 


proves fl3.10|) . Now, we will show that 

/ g{x,Un)undx ^ / g{x,u)udx. 

Jr3 J]r3 

Using the fact that g{x,u)u G together with (I3.10p and Sobolev embeddings, given 

e > 0, we can choose R > 0 such that 

[ \g{x,Un)un\dx<j and [ \g{x,u)u\dx < J. 

jR^\Bn(Q) 4 Jr3\b„(0) 4 


lim sup 

n->-+oo Ju3\Bii(0) 


On the other hand, since g has a subcritical growth, the compact Sobolev embeddings load 
to 

/ g{x,Un)undx ^ / g{x,u)udx. 

Combining the above information, we conclude that 

/ g{x,Un)undx ^ / g{x,u)udx. 
iR3 JR3 

The same type of argument works to prove that 

/ g{x,Un)vdx ^ / g{x,u)vdx, \fv € Ex- 
iR3 JrS 


□ 

The next result does not appear in m, however since we are working with the Kirchhoff 
problem type, it is required here. 

Proposition 3.3. Let (un) be a {PS)d sequence for (px such that Un u, then 


lim / nVttnp + (Aa(x) + l)u^l dx = / HVup + (Aa(x) + l)u^l dx, 

Jbr 


for all R > 0. 

Proof. We can assume that ||un||A to, thus, we have ||u||a < to- Let r]p G (^““(IR^) 
such that 


' 1 se X G Bp{0) 

0 se X ^ B2p{0)- 


with 0 < 77p(x) < 1. Let, 

Pnix) = M(||Un||^) [|VUn - + (Aa(x) + l){Un - u)^] . 
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For each R > 0 fixed, choosing p > R we obtain 

[ Pn= [ Pnr]p < M{\\Un\\l) [ [| VUn “ + (Aa(x) + 1) (tt^ - li)^] 7/p. 

JBji JBji Jr3 

By expanding the inner product in 

[ Pn < M{\\un\\l) [ [|Vu„p + (Aa(x) + 1)('U„)^] r/p 

JBh Jr3 

- 2M{\\Un\\l) [VunVu+ {Xa{x)+ l)UnU]r]p 

Jr3 

+ M{\\un\\l) [ [iVup + (Aa(x) + 7/p. 

Jr3 

Setting 

lk,p = Mi\\Un\\l) [{VUnl"^ + iXa{x) + l){Unf]Vp- gix,Un)UnPp, 

Jr3 JR3 

Inp = M{\\Un\\l) [VUnVu+ {Xa{x) + l)UnU]pp- g{x,Un)upp, 

Jr3 Jr3 

l!^ p = -M{\\Un\\l) [ [VUnVtt + (Ao(x) + l)7inu] r/p+M(||7tn|||) f [|Vttp + (Aa(x) + l)7t^] 7/p 


and 


4,p = / g{x,Un)Ungp- / g{x,Un)ugp, 


we find the estimate below 


Observe that 


0 < / Pn< \li^p\ + \In,p\ + |-^n,pl + \^n,p\- 
JBr 


^n,p — 4^ xi'^n') {UnP p} -^(ll^nllA) / Uji\7Un^gp‘ 


(3.11) 


Recalling that (unPp) is bounded in we have (p'^{un){ungp) = 0^(1). Moreover, from a 
straightforward computation 


lim 

p^OO 


lim sup 

n—>-oo 


^(ll^^nlli) / UnVUnVpp 
Jr3 


= 0 . 


Then, 


We also see that 


lim 

p^OO 


lim sup \I^ 


n,p \ 


= 0 . 


(3.12) 


ll,p = (t>'x{Un){ugp) -M{\\Un\\l) / uX/UnVpp. 

Jr3 

By arguing in the same way as in the previous case, 

(t)'x{Un){ugp) = On(l) 
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and 


Therefore, 


lim 

p—>-oo 


lim sup 

n—^oo 


M{\\Un\\l) f uVUnVrj^ 


= 0 . 


lim 

p—>-oo 


lim sup |/, 


n,p I 


= 0 . 


On the other hand, from the weak convergence 


Finally, from 

we conclude that 


lim \In p\ =0, y p > R. 


Un u, in 1 < s < 6, 


lim |I^ o| = 0, y p > R. 


From (I3.1ip . (I3.12p . (|3.13l) . (I3.14p and (|3.15l) . we obtain 


or equivalently 


0 < lim sup / -Pn < 0, 

n—>-cxD JBji 


lim / Pn = 0. 


Therefore, 


Ji^ I [|Vm„P + (Aa(x) + l)ul] = / [|Vup + {Xa{x) + 1)m^ 

J Bn 


Proposition 3.4. (f)x verifies the {PS) condition. 


(3.13) 


(3.14) 


(3.15) 


□ 


Proof Let (u„) be a {PS)d sequence for fix and u G Ex such that Un u in Ex- Thereby, 
by Proposition 13.21 


/ g{x,Un)undx ^ / g{x,u)udx and / g{x,Un)vdx ^ / g{x,u)vdx, Vv G Ex- 

Jr3 Jr3 Jk3 Jr3 

Moreover, the weak limit also gives 

/ VuV{un — u)dx ^ 0 

and 

/ (Aa(x) + l)u{un — u)dx —>■ 0. 

JR? 

Gathering fi'^{un)un = 0^(1), fi'^{un)u = 0^(1), (Mi) and the above limits, we derive that 

\\un ~ u\\\ -?■ 0, 


finishing the proof. 


□ 
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4 The {PS)oo condition 

A sequence {un) C is called a {PS)oo sequence for the family ((/!>a)a> 1 ) if there is a 

sequence (A,i) C [1, oo) with —>■ oo, as n ^ oo, verifying 

</>A„(iin)c and ||(/>A„(^n)||£;. ^0, asn^oo, 


for some c G M. 

Proposition 4.1. Let (un) C be a (PS')oo sequence for (0a)a>i- Then, up to a 

subsequence, there exists u € such that Un ^ u in Furthermore, 

(i) Un ^ u in 

(ii) u = 0 in M3\Ot, u\q^ F 0 for all j G T, and u is a solution for 


j (Vttp + An + =/(rt), in Ox, 


M ^ 

/ Ilf 

u G Hlpr 


{P)oo,T 


(Hi) Xn / a{x)\un\‘^dx —>■ 0; 

Jr3 

(iv) \\un - ^ M j € T; 

(v) ll'^^nll^ ^ 0; 

(vi) (l>\„{un) ^ 7 ;^( [ i\Vu\^+ \u\^)dx']- [ F{u)dx. 

^ \Jnr J dnr 

Proof. Using the Proposition 13.11 we know that (||un||A„) is bounded in M and (un) is 
bounded in So, up to a subsequence, there exists u G such that 


Un ^ n in and Un{x) u{x) for a.e. x G 


Now, for each m G N, we define Cm = < x G ; a{x) > — >. Without loss of generality, 


m 


we can assume An < 2(An — 1), Vn G N. Thus 

f \un\‘^dx<‘^f (A„a(x) + l)|nnpdx < 

JCrr,. JCrr, ^ri 


By Patou’s lemma, 


/ \u\^dx = 0, 

JCm 


implying that n = 0 in Cm, and so, n = 0 in \ O. From this, we are able to prove 
(i) - (vi). 
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(i) Since u = 0 in \ 0, repeating the argument explored in Proposition 13.41 we get 
/ (|Vttn - + {\na{x) + l)|rin - u\‘^)dx 0, 

which implies Un ^ u in H^{ 


(ii) Since u G and tt = 0 in \ fl, we have u G or, equivalently, 

G for j = 1,.. ., A:. Moreover, the limit Un ^ u in combined 

with (j)'^ (un)^ —t 0 for (p G C^(nx) implies that 

m( / (IVrtp + I / (VuVp + up)dx — / f{u)pdx = 0, (4.1) 

showing that is a solution for the nonlocal problem 


M( / (|Vrtf + ) (—Art + u) =/(ri), in Ox, 

£7x 


(^)oo, 


T 


[u G H^{nr). 

On the other hand, ii j ^ T, we must have 

Ml f (|Vup + u^)dx) f {\'Vu\‘^ + \u\‘^)dx — f f{u)udx = 0. 

The above equality combined with (|3.7I) and (|3.2I) gives 

0 ^ II^IIa,Oj “ ^Il'“ll2,f2j > <^lkllA,nj (^) ^ 0) 

from where it follows = 0 for j ^ T. This proves u = 0 outside fix and rt > 0 in 


(in) From (i). 


loading to 


Xn a{x)\Unfdx= / Xna{x)\Un - ufdx < \\Un - u\\l^, 
4R3 4R2 


, / a(a:)| 
4R3 


Ur, Pdx 0. 


(iv) Let j G T. From (i). 


\u. 


' -7 ‘ -7 


Then, 


From (iii) 


This way 


/ (|Vrin|^ — |Vu|^)dx ^ 0 and / (|u„|^ — |up)(ix —> 0 . 

jQy JW-f. 

/ Xna{x)\Un\'^dx ^ 0. 

Jn'^ 

hnWl^^n'^ [ (|Vn|2 + |u|2)dx. 

^ jQr 
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By (i), \\un - u\\\^ 0, and so, 


\u. 


«IIa„,1R3\Ot 


0 . 


{vi) From (i) — (n), 


and 


Therefore 


M[\\un\\i^]^ M[ I {\^W + \ur)dx 

I 


G{x,Un)dx ^ / F{u)dx. 

J Qy 


4>\Aun)^^M( I (|Vrtp + |up)iix ) - / F{u)dx. 


' Qy 


' 


□ 


5 The boundedness of the (^4^) solutions 

In this section, we study the boundedness outside Qy for some solutions of (^a)- To this 
end, we adapt the arguments found in [T] and m for our new setting. 

Proposition 5.1. Let (^ux) be a family of solutions for (^a) such that ux ^ 0 in 
\ rix); as X ^ oo. Then, there exists A* > 0 with the following property: 

I'“'A|oo,R3\0!^ < VA > A*. 

Hence, ux is a solution for {Px) for A > A*. 

Proof. Since 50^ is a compact set, hxed a neighborhood B of such that 

BcM.^\ Llr, 

the interation Moser technique implies that there is C > 0, which is independent of A, such 
that 

kAlL°°(ar2!:^) < C'kAlL2*('g) 

Since ua —>■ 0 in \ Xtr), we have that 

I^aIx3*(b) —^ ^ ^ ^ 

Hence, there is A* > 0 such that 

l“A|L2*(g) < ^ VA > A*, 

and so, 

kA|L°o(90!|.) < ? VA > A*. 
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Next, for A > A*, we set ux- \ given by 


uxix) = {ux - O^ix). 


Thereby, ux G \ Qy). Our goal is showing that ua = 0 in \ because this will 

imply that 

I^a|oo,R3\0'^ < C- 

In fact, extending ua = 0 in ^i^cl taking ux as a test function and using (Mi), we obtain 


mo 


I / VuAVuAdx+ / (Aa(x) + 1 )uaUa^^3: j < / g{x,ux)uxdx. 
yjR^Xn'y Jr 3 \q'y / JM.^\n'y 


Since 


/ VuxVuxdx = / jVuApdx, 

JR3\Q'y JR3\0'y 

/ (Aa(x) + l)uxuxdx = / (Aa(x) + 1) {ux + 0 


uxdx 


and 

where 

we derive 
mo 


/ g(x,ux)uxdx = / 
iR3\OC. Jli 


a{x,ux) 


'(r3\o'y)_^ Ux 
\ Alx)i = {a: G \ Aly ; ux{x) > , 


[ux + 0 Uxdx, 


/ \Vux\^dx+ / 
iR3\n'.^ a(R3\r2!f. 


((Aa(x) + 1) ) < 0, 


MA 


Now, by (13.61) . 


1 , 11 5(a;,^XA) f{x,ux) . /Tn,3\nM 

(Aa(x) + 1)-> ->0 in (M \SZy) . 

ux ux V ^ + 

This form, ua = 0 in (R^\A1 y)_|_. Obviously, ua = 0 at the points where ux < 
consequently, Ua = 0 in \ Al^. □ 

6 A special minimax value for 

For fixed non-empty subset T C {1,..., A;}, consider 

Ir{u) = l-M( f (iVup + |up)(ix ) — f F{u)dx, u G Mq(AIt), 

2 \jQ.r ) Jnr 

the energy functional associated to {P)oo,T, and (l)x,T ■ ^ given by 

4>\,r{u) = [ (|Vn|^ -b (Aa(x) -b l)|up)dx'j - [ F{u)dx, 
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the energy functional associated to the Kirchhoff problem 


m( f (|Vup + (Ao(a:) + (—Art + (Ao(x) + l)u) 

< \Jn'^ J 

= 0, on d9.'y. 

In the following, we denote by ct the number given by 

ct = inf Ir{u) 
uGJ^X 

where 

Air = {u € A/x : Ir{u)uj = 0 and Uj / 0 Vj G T} 

with Uj = u\^. and 

Afr = {u€ H^{nr) \ {0} : 4(u)u = 0}. 

Of a similar way, we denote by ca,t the number given by 

CA,T = inf 4>\,r{u) 


= fiu), in O'y, 


where 

Ai'r = {u G A/’x : — 0 and Uj / 0 Vj G T} 


with 


Uj{x) 


u{x), X G Q'j 
0, X G \ 0.'j 


and 

A/’x = {u G H^{Q,r) \ {0} : (I)'^ y{u)u = 0}. 

Repeating the same approach used in Section 2, we ensure that there exist wr G H^^Qr) 
and wx^r € such that 


Ir{wr) = cx and I'riwr) = 0 


and 

(px,T{wx,r) = CA,x and (p'x^riwx^r) = 0. 

By a direct computation, it is possible to show that there is r > 0 such that if u G Adx, 
then 

\\uj\\j>T, Vj G T, (6.1) 

where, || ||j denotes the norm on HQ{Qj) given by 


\U\\n = 


(|Vup + \u^)dx 


In particular, since wr G Adxj we also have 

II^T,illi > T \/j € T, 


( 6 . 2 ) 
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where w~cj = w^ln^ for all j € T. Moreover, reviewing the proof of Theorem 12.51 it is 
possible to see that 

Iriwr) = cr = inax{lr{tiwi + ....+tiwi) : (ti,G [0,+oo)^} (6.3) 

and 

lY{wr) = Ir{wi + .... + wi) > Iritiwi + .... + tiwi), V(ti,G [0,+oo)^ \ {(1,1)}. 

(6.4) 


Lemma 6.1. There holds that 

(i) 0 < ca,t ^ cx, VA > 0; 

(ii) ca,t cx, as X ^ oo. 

Proof 

(i) Using the inclusion Hq{Qy) C it easy to observe that 

ca,t < Cx- 

(ii) Let (A„) be such a sequence with A^ —>■ +oo and consider an arbitrary subsequence 

of (ca„,x) (not relabelled) . Let Wn G with 

(t>Xr,,T{Wn) = CA,,T and (/>A^,x(«^n) = 0. 

By the previous item, (ca„,x) is bounded. Then, there exists {wn^) subsequence of 
{wn) such that (0A„^,T(n’nfc)) Converges and ~ repeating the 

arguments explored in the proof of Proposition 14.11 there is tc G \ {0} C 

//^(O'y) such that 

Wj = w\nj / 0 Vj G T 

and 


Wn^. w in as /c —>■ oo. 

Furthermore, we also can prove that 


CA„,,T = <('A„,,T (n^nj ^ It{w) 


and 


® ~ '/’A„j.,T(n'ns,) I'riw). 

Then, w G Afx; and by definition of cy, 

> cx- 

The last inequality together with item (i) implies 

CA„^,T cx, as oo. 
This establishes the asserted result. 
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□ 


In the sequel, we fix i? > 1 verifying 


0 < + E tkRwk I j -^T I + E tkRwk I {Rwj) < 0 , 

\ k=l,k^j j y k=l,k^j J 

(6.5) 

for j G T and G [1/i?^, 1] with k / j. 

In the sequel, to simplify the notation, we rename the components flj of fl in way such 
that T = {1, 2,... ,1} for some 1 < I < k. Then, we define: 

l 

7o(t)(x) = ^tjRwj{x) G Hl{n-r), Vt = G 

i=i 


r, = {7 G C{[l/R\ l]^ Ea \ {0}) ; 7(t)h' ^ 0 Vj G T ; 7 = 70 on d[l/R\ 1]^} 


and 


6at= inf max (/)A( 7 (t)). 


Next, our intention is proving an important relation among 6 a,T j ct and Ca,t- However, 
to do this, we need to some technical lemmas. The arguments used are the same found in 
[T], however for reader’s convenience we will repeat their proofs 

Lemma 6.2. For all 7 G T*, there exists {si,..., si) G [1/.!?^, 1]^ such that 

■ ■ ■, si)) {^j{si,..., si)) =0, Vj G T 

where 


7j(H, ■ ■ -.tdix) = 


7(fi,... ,fi)(x), X G fl' 


0, X G \ fl' 

Proof Given 7 G T*, consider 7: [ 1 /i?^, 1]^ ^ such that 

7(t) = (0A,T(7(t))7i(t),---,0A,T(7(t))7/(t)), where t = {ti,...,ti). 
For t G d[l/R^, 1]^, it holds 


7(t) = 7o(t), 


where 


7o(t) = {ly{-^Q{t))tiRwi,...,l'-j[-iQ{t))tiRwi^. 

Now, lemma follows using (16.51) . (16.61) and Miranda’s Theorem |30| . 
Proposition 6.3. 

(i) ca,t < 6a,T < cx, VA > 1; 

(ii) 6a,T Cx, as X ^ 00 ; 


( 6 . 6 ) 


□ 
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(in) 4>x['y{t)) < cx, VA > 1,7 € F* and t = {ti,... ,ti) e d[l/R^, 1]^ 

Proof 

(i) Since 70 G F*, by (16.3p . 


l 

bx,T < max 0 a ( 70 (^ 1 , •••, * 0 ) < max I-cC^ tjRwj) = cr. 
Now, fixing s = (si,..., s;) € [1/R?, 1]^ given in Lemma [6.21 and recalling that 


ca,t = inf, 0 a,t(«) 

ueA4-r 


where 


it follows that 


From 


M'j- = {u G A/’x : (l)'x^Y{u)uj = 0 and Uj ^ 0 Vj G T}, 
0a,t(7(s)) > ca,x- 

<?iA,R3\0' (^) > 0, Vk G \ fix)) 


which leads to 


0A(7(t)) > 0A,T(7(t)), Vt = G 

Thus 

max 0A(7(ii, ■ ■ ■ ,0)) > </>a,t(7(s)) > CA,x, 

(7,...,7)g[1/J?2,i]* 

showing that 

bx,T > ca,t- 

(ii) This limit is clear by the previous items, since we already know ca,x cx, as A —>■ 00 ; 

(hi) For t = (ti,... , 0 ) G 1]^, it holds 7 (t) = 7 o(t). From this, 

</'A(7(t)) = /T(7o(t)). 

From ()6.4p and (16.5p . 

0A(7(t)) < cx - e, 

for some e > 0 , so (iii) holds. 

□ 
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7 Proof of the main theorem 


To prove Theorem II. 1[ we need to find nonnegative solutions u\ for large values of A, which 
converges to a least energy solution of {P)oo,T as A — >■ oo. To this end, we will show two 
propositions which together with the Propositions 14.11 and 15.11 will imply that Theorem 11.11 
holds. 

Henceforth, we denote by 

© = |u G PIa : ||ii||A,C' > ^ Vj G t| 

and 

(f)^^ = {n G PIa ; < ct}- 

Moreover, we fix 5 = /r > 0 and 

A^ = {ue ©25 : \4>xiu) - cxI < fi} ■ (7-1) 


We observe that 

TUX 

showing that fl A 

Our next result shows an important uniform estimate of on the region 

Proposition 7.1. For each /i > 0, there exist A* > 1 and (Tq > 0 independent of X such 
that 

||(/'aN||e* > ctq, for A > A* and all u G (^A^,, \ . (7.2) 

Proof We assume that there exist Xn —>■ oo and Un G {A^'f \ A^^ H cffff such that 

An 

Since Un G this implies (||rtn||A„) is a bounded sequence and, consequently, it follows 
that {4>Xn{un)) is also bounded. Thus, passing a subsequence if necessary, we can assume 
that {4’Xni'^n)) converges. Thus, from Proposition 14.11 there exists 0 < tt G 77 q(Hx) such 
that tt is a solution for {P)t, 

Un^u in ||wn||A„,M3\nT ^ 0 4>x^iun) Ir{u). 


Recalling that (un) C © 25 , we derive that 


\un\\x^,n'. > ^2^ 


Vj G T. 


Then, taking the limit of n ^ +oo, we find 


ki L- > - 

' - 12R 


Vj G T, 
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yields ^ 0 for all j G T and I'^{u) = 0. Consequently, by (16.ip . 

Il^lb- > ^ e T. 

This way, I^{u) > cx- But since (j)x^{un) ^ cx and (j)\^[un) I'^{u)^ for n large, it holds 

T 

\\un\\j > ^ and \(t)\„{un) - ct| < /r, Vj G T. 

So Un G obtaining a contradiction. Thus, we have completed the proof. □ 

In the sequel, denote the following numbers 


min |/T(7o(t)) — ctI = Mi > 0 
t&d[i/R2,iY 


and 

fj.* = min{^i,(5,r/2}. 


where 5 were given (EH) and 



Moreover, for each s > 0, denotes the set 

Bg = {u G Ex ] IIuIIa < s} for s > 0. 


Proposition 7.2. Let /r > 0 small enough and A* > 1 given in the previous proposition. 
Then, for A > A*, there exists a solution ux of (Ax) such that ux G n fyff H .B^i. 

Proof Let A > A*. Assume that there are no critical points of (fx in A^ H (jyff H 
Since (fx verifies the [PS) condition, there exists a constant dx > 0 such that 


||</>a(w)||e* ^ dx, for all u G A^Picj)''^ n 

From Proposition 17.11 


||</>a(«)||£;. > 0-0, for all u G (^A^f, \ A^'^ C , 

where do > 0 does not depend on A. In what follows, T: Ex —>■ M is a continuous functional 
verifying 

'F(u) = 1, for u G A^ n ©5 n B^, 

'l'(tt) = 0 , for u ^ Al 2 ^ n ©25 n 

and 

0 < 'l'(tt) < 1, Vtt G Ex- 
We also consider H: (jfff —>■ Ex given by 


H[u) = 


-T(u)||y(u)|| Y[u), iox uG Al^r\B^^^, 

0, for u ^ n 
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where y is a pseudo-gradient vector field for on /C = {n € E\ ; 7 ^ 0}. Observe 

that H is well defined, once (l)'x{u) 7 ^ 0, for u G 0 The inequality 

< 1, VA > A* and u € , 

guarantees that the deformation flow 77 : [ 0 , 00 ) x cj)^^ —)■ (ff^ defined by 

^ = H{ri), r]{0,u) = u G 

verifies 

^4>\(ri{t,n)) < < 0. (7.3) 

|^[=l|ff(l)|lASl (7.4) 

and 

r/(t, u) = u for alH > 0 and u G \ O (7.5) 

Next, we study two paths, which are relevant for what follows: 

• The path t r](t, 7 o(t)), where t = (ti ,... ,ti) G [1/7?^) !]*• 

Thereby, if // G (0,/i*), we have that 

7 o(t) VtG5[l/i?2,l]'. 

Since 

</>A(7o(t)) < CT, Vt G 

from (I7.5jl . it follows that 

^(i>7o(t)) =7o(t), Vt G 
So, ? 7 (t, 7 o(t)) G r*, for each f > 0. 

• The path t i->- 7 o(t), where t = (ti,..., t;) G [1/7?^, 1]^ 


We observe that 


and 


supp( 7 o(t)) c Ot 

0A(7o(t)) does not depend on A > 1, 


for all t G [1/7?^, 1]^ Moreover, 


</>A(7o(t)) < CT, Vt G [1/77^1]' 


and 


</'A(7o(t)) = CT if, and only if, tj = Vj G T. 


27 






Therefore 


mo = sup|(/)a(';^) ; u G 7o([1/-R^,1]') 

is independent of A and mo < cx- Now, observing that there exists > 0 such that 

\4>x{u) - (p\iv)\ < K^\\u - u||a, yu,v G 


we derive 

max 4>x[v{T, ^oit))] < max \mo,cr - , 

for T > 0 large. 

In fact, writing u = 7o(t), t G l]^ if ri ^ A^, from (17.3p . 

(t)x{r]{t,u)) < (j)x{u) < mo, Vt > 0, 
and we have nothing more to do. We assume then u G and set 

rj{t) = r]{t,u), c^A = {^A) fo} and T = 

K^dx 


Now, we will analyze the ensuing cases: 


(7.6) 


Case 1: r 7 (t) G Als n 0^ Pi i?;), Vt G [0, T]. 

Case 2: ^{to) ^ AI 3 0 0^0 for some to £ [Oj^]- 

Analysis of Case 1 

In this case, we have 'I'(77(t)) = 1 and ||'^A(^(i)) || — ^x for all t G [0,T]. Hence, from 

o, 

4>x{d(T)) = 4>x{u) + J ^4>x{rjis)) ds < CT - ^ J dxds, 

that is, 

(t>x{d{T)) < CT - ]^dxT = CT - 

showing (17.np . 


Analysis of Case 2: In this case we have the following situations: 


(a): There exists t 2 G [0,T] such that 7 /(^ 2 ) ^ 0(5) and thus, for ti = 0 it follows that 

\\d{t2) - ^7(ii)ll > <5 > 


because f)(ti) = u G 0. 


(b): There exists t 2 G [0,T] such that 7)(t2) ^ B^, so that for ti = 0, we get 

||^(^ 2 ) -7?(ti)|| >r>n, 
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because f]{ti) = u € B^. 


(c): fi{t) G 05 n for all t G [0,T], and there are 0 < ti < t 2 < T such that 

fi{t) G ^3 \ for all t G [ti,t 2 ] with 


l<^A(??(ii)) -cr\= fi and \(pxifj{t 2 )) - cr \ = 




From definition of iF*, we have 


1^2 - -Will > ■^\4)x{w 2) - (i>xiwi)\ > 
Then, by mean value theorem, t 2 — ti > and, this form. 


(px{r]{T)) < (j)xiu) - j ^'(r?(s))||(^'^(r/(s))|| ds 
Jo 


implying 


_ /■*2 I 

4 >x{v{T)) < cx - / aods = cr - cro(t2 - ^i) < cx - 7—cJo/r, 

Jtl 


which proves (j7.6jl . Fixing rj{ti, ■ ■ ■ ,tl) = v{'^Ao{ti, ■ ■ ■ Al))^ we have that T]{ti, ■ ■ ■ ,tl) ^ 
025, and so, 7^ 0 for all j G T. Thus, rj G F*, leading to 

iA,r < max • • •, t;)) < max | mo, cx - Tr^cro/il < cx, 

which contradicts the fact that 6 a,T cx- □ 


[Proof of Theorem 11.1) According Proposition 17.21 for /r G (0,/x*) and A* > 1, there 
exists a solution ux for (Aa) such that ux G n 1 ^^^, for all A > A*. 

Claim: There are Aq > A* and /xq > 0 small enough, such that ux is a solution for {P)x 
for A > Aq and /x G (0, fio). 

Indeed, fixed /x G (0,/xo), assume by contradiction that there are A^ —>■ 00 , such that 
(ua„) is not a solution for (P)a„- From Proposition 17.21 the sequence (xxa„) verifies: 

(a) </>a„('«a,) = 0, Vn G N; 

(b) ll'*^n|lA„,K3\n^(«A„) ^ 0; 

(c) ^x^uxj ^ d < cx. 

The item (b) ensures we can use Proposition 15 .1 1 to deduce Ua„ is a solution for (P)a„, for 
large values of n, which is a contradiction, showing this way the claim. 


Now, our goal is to prove the second part of the theorem. To this end, let (xxa„) 
be a sequence verifying the above limits. A direct computation gives (px^i^Xn) d with 
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d < cx- This way, using Proposition 14.II combined with item (c), we derive {u\^) converges 
in to a function u € which satisfies u = 0 outside rix and 7 ^ 0, j € T, 

and rt is a positive solution for 



in Ox, 


{P)oo,T 


and so, 


Ix{u) > cx- 


On the other hand, we also know that 




implying that 


Ix{u) = d and d> cx- 


Since d < cx, we deduce that 

Ix{u) = Cx, 

showing that tt is a least energy solution for (P)oo,T- Consequently, n is a least energy 
solution for the problem 


Ml / (|Vttp + ) (—Au + tt) =/(tt), in Ox, 

\Jnr 

u € HliSlx)- 


□ 
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